The class of finitely presented algebras over a field K with a set of generators a1, . . . , an and defined by homogeneous relations of the form a1a2 · · · an = a σ(1) a σ(2) · · · a σ(n) , where σ runs through an abelian subgroup H of Sym n , the symmetric group, is considered. It is proved that the Jacobson radical of such algebras is zero. Also it is characterized when the monoid Sn(H), with the "same" presentation as the algebra, is cancellative in terms of the stabilizer of 1 and the stabilizer of n in H. This work is a continuation of earlier work of Cedó, Jespers and Okniński.
Introduction
In recent literature a lot of attention is given to concrete classes of finitely presented algebras A over a field K defined by homogeneous semigroup relations, that is, relations of the form w = v, where w and v are words of the same length in a generating set of the algebra. In [2, 3, 4] the study of the following finitely presented algebras over a field K is initiated: A = K a 1 , a 2 , . . . , a n | a 1 a 2 · · · a n = a σ(1) a σ(2) · · · a σ(n) , σ ∈ H , where H is a subset of the symmetric group Sym n of degree n. Note that A is the semigroup algebra K[S n (H)], where S n (H) = a 1 , a 2 , . . . , a n | a 1 a 2 · · · a n = a σ(1) a σ(2) · · · a σ(n) , σ ∈ H is the monoid with the "same" presentation as the algebra. In [2] , the case being treated is that of the cyclic subgroup H of Sym n generated by σ = (1, 2, . . . , n).
In [3] one deals with H = Alt n , the alternating group, and in [4] the special and more complicated case of Alt 4 is handled. There are noteworthy differences between these cases. In particular, the Jacobson radical J(K[S n (Alt n )]) of K[S n (Alt n )] is zero only if n is even and K has characteristic different from 2, and otherwise the radical has been described, while J(K[S n ( σ )]) is always zero. The latter is a consequence of the fact that S n ( σ ) has a group of fractions G = S n a 1 · · · a n −1 ∼ = F × C, where F = gr(a 1 , . . . , a n−1 ) is a free group of rank n − 1 and C = gr(a 1 · · · a n ) is a cyclic infinite group.
Starting from the properties considered in the above mentioned papers, the aim of this paper is to investigate the properties of the algebra K[S n (H)] for any abelian subgroup H of Sym n . In particular, we prove that J(K[S n (H)]) is always zero and we give infinitely many examples of primitive ideals of K[S n (H)] for n ≥ 3 and H abelian subgroup of Sym n such that (1, 2, . . . , n) / ∈ H. Also we show that S n (H) is a cancellative monoid if and only if the stabilizers of 1 and of n in H are trivial subgroups of H.
Preliminary results about S n (H)
The following two results display technical properties of S n (H) which will be crucial for our investigations of S n (H) and K[S n (H)].
Let H be a subset of Sym n and S = S n (H) = a 1 , . . . , a n | a 1 · · · a n = a σ(1) · · · a σ(n) , σ ∈ H . We denote by z the element z = a 1 a 2 · · · a n ∈ S. Let FM n = x 1 , . . . , x n be the free monoid of rank n and let π : FM n → S be the unique morphism such that π(x i ) = a i for all i = 1, . . . , n.
Let w = x i1 x i2 · · · x im be a nontrivial word in the free monoid FM n . Let 1 ≤ p, q ≤ m and r, s be nonnegative integers such that p + r, q + s ≤ m. We say that the subwords w 1 = x ip x ip+1 · · · x ip+r and w 2 = x iq x iq+1 · · · x iq+s overlap in w if either p ≤ q ≤ p + r or q ≤ p ≤ q + s. For example, in the word x 2 x 2 x 3 x 1 x 4 the subwords x 2 x 3 x 1 and x 3 x 1 x 4 overlap and the subwords x 2 x 2 and x 3 x 1 do not overlap. If p ≤ q ≤ p + r ≤ q + s, then we say that the length of the overlap between the subwords w 1 and w 2 is p + r − q + 1. If p ≤ q ≤ q + s ≤ p + r, then we say that the length of the overlap between the subwords w 1 and w 2 is s + 1. For example, the length of the overlap between the subwords x 2 x 3 x 1 and
We denote by |w| the length of the word w ∈ FM n . For, 1 ≤ i ≤ n and H any subgroup of Sym n , we denote by H i the stabilizer of i in H. Thus H i = {σ ∈ H | σ(i) = i}. The identity map in Sym n we denote by id. Lemma 2.1 Let H be an abelian subgroup of Sym n . Let w 1 , w 2 , w 1,1 , w 1,2 , w 1,3 , w 
and w 2,2 w
Suppose that the length of the overlap between w 1,2 and w
and
. Note that |u| = n − i. Suppose that the length of the overlap between w 2,2 and w
Suppose that 1 ≤ i ≤ j < n. In this case, we have from (4) that τ 2 (i) = τ 1 (n − j + i) and, since σ 2 (i) = σ 1 (n), we get
Since H is abelian, we thus obtain
Because, by assumption, H n = {id}, we get that τ 2 = τ 1 σ −1 1 τ 2 and thus τ 1 = σ 1 . Therefore
Suppose now that 1 ≤ j < i < n. In this case, from (3) we have σ 2 (j) = σ 1 (n − i + j) and, since τ 2 (j) = τ 1 (n), we get
As H is abelian, we have
Since, by assumption, H n = {id}, we obtain that τ 1 = σ 1 . Thus, also in this case, w 1 = w 2 . Therefore part (i) follows.
Part (ii) of the lemma follows by symmetry. Or alternatively, the opposite monoid S opp is a monoid of the same type as S, where we replace the element z = a 1 · · · a n by the element a n · · · a 1 . Hence, if H 1 = {id} then (i) holds for S opp and thus (ii) holds for S. Recall that as a set S opp is S but multiplication · in S opp is defined by s 1 · s 2 = s 2 s 1 , where the latter is the product in S.
Proof. (i) Suppose that the result is false. Let w ∈ FM n and 1 ≤ i 0 , j 0 ≤ n such that π(wx i0 x j0 ) ∈ Sz and x i0 x j0 / ∈ A. Hence there exist w 0,1 , w 0,2 ∈ FM n such that π(w 0,1 w 0,2 ) = π(wx i0 x j0 ) and π(w 0,2 ) = z. Thus there exist w 0 , w 1 , . . . , w t ∈ FM n such that w 0 = w 0,1 w 0,2 , w t = wx i0 x j0 ,
and there exist w i,2 ∈ FM n , for i = 1, 2, . . . , t, and w
for all i = 0, 1, 2, . . . , t and for all j = 0, 1, . . . , t − 1.
We choose a sequence w 0 , w 1 , . . . , w t , with a decomposition (7), such that
, for all k = 0, 1, . . . , t, and x t(n+m−1) x t(n+m) / ∈ A, with t minimal. By the minimality of t, we have that
Since π(w 0,2 ) = z and π(
Note that then the subwords w 0,2 and w
Thus there exist τ 1 , τ 2 ∈ H such that
. . , n), in contradiction with the assumption. Therefore t > 1.
Suppose that the claim is false. Let r ∈ {1, . . . , t − 1} be the smallest value such that either |w Hence, in this case, the sequence w 0 , w 1 , . . . , w r−1 , w r+1 , w r+2 , . . . , w t is a shorter sequence with a decomposition of type (7), in contradiction with the minimality of t. Hence |w have that w r−1 = w r . Now the sequence w 0 , w 1 , . . . , w r−1 , w r+1 , w r+2 , . . . , w t with the decomposition as in (7), except for w r−1 = w 3 , is a shorter sequence with a decomposition of type (7), in contradiction with the minimality of t. Hence |w 3 . Now we have
(here, if l = 0, we put w 
Since 0 < |w
for all k = 1, 2, . . . , r − 1, we have that |w
for all k = 0, 1, 2, . . . , r − 1.
Consider the following sequence: for w r+1 and the decomposition (7) for w r+2 , . . . , w t , is a shorter sequence with a decomposition of type (7). This is in contradiction with the minimality of t. Therefore the claim follows.
So we have that 0 < |w 
However, by (8), we know that x (t−1)(m+n−1) x (t−1)(m+n) ∈ A, while we also have that x t(m+n−1) x t(m+n) ∈ A, a contradiction. Therefore part (i) follows.
Part (ii) follows by considering part (i) to the opposite monoid S opp .
Cancellativity of S n (H)
Let H be a subgroup of Sym n . For S n (H) to be cancellative, a necessary condition is that H 1 = H n = {id}. Hence, S n (Sym n ) with n ≥ 3, and S n (Alt n ) with n ≥ 4 are not cancellative. In [2] it is shown that S n ( (1, 2, . . . , n) ) is cancellative and has a group of fractions. We now prove that for H abelian, H 1 = H n = {id} also is a sufficient condition for S n (H) to be cancellative. Note that if also n ≥ 3 and (1, 2, . . . , n) ∈ H then from Lemma 2.2, S n (H)z ∩ S n (H)x 2 1 = ∅ and x 2 1 S n (H) ∩ zS n (H) = ∅. Therefore, for such H, S n (H) does not have a group of fractions.
Theorem 3.1 Let H be an abelian subgroup of Sym n , and let S = S n (H).
Then S is cancellative if and only if H 1 = H n = {id}.
Proof.
That the conditions H 1 = H n = {id} are necessary has been mentioned above. For the converse, assume H 1 = H n = {id}. We shall prove that S is right cancellative. Then, as mentioned before, working with S opp , the left cancellativity will follow. If (1, 2, . . . , n) ∈ H then H is transitive. As H 1 is trivial, we then get that
Hence H = (1, 2, . . . , n) . Therefore, as mentioned above ([2, Theorem 2.2]) S is cancellative.
Thus we may assume that (1, 2, . . . , n) / ∈ H. Suppose that S is not right cancellative. Then there exist a, b ∈ S and 1 ≤ i ≤ n such that a = b and aa i = ba i . Let u, v ∈ FM n be such that π(u) = a and π(v) = b. Since aa i = ba i , there exist w 0 , w 1 , . . . , w t ∈ FM n such that
and there exist w i,2 ∈ FM n , for i = 1, . . . , t, and w
We choose a sequence w 0 , w 1 , . . . , w t , with a decomposition (13), such that
By the minimality of t, we have that w 
, we have that id = σ −1 τ ∈ H n . But this yields a contradiction as, by assumption, H n = {id}. Therefore t > 1.
Suppose that the claim is false. Let r ∈ {1, . . . , t − 1} be the smallest value such that either |w , w 1 , . . . , w r−1 , w r+1 , w r+2 , . . . , w t is a shorter sequence with a decomposition of type (13) (15), we obtain that w l = w l+1 . Now the sequence w 0 , w 1 , . . . , w l , w l+2 , w l+3 , . . . , w t with the decomposition as in (13), except for 3 , is a shorter sequence with a decomposition of type (13), in contradiction with the minimality of t. Hence |w 
for all k = 1, 2, . . . , r−1, we have that w
. . , r− 1. Thus, from (16), for all k = 0, 1, 2, . . . , r − 1, there exists v
Consider the following sequence: for w r−1 , and the decomposition (13) for w r+2 , . . . , w t , is a shorter sequence with a decomposition of type (13), in contradiction with the minimality of t. Therefore the claim follows.
In particular we have that |w 
, we have that id = σ −1 τ ∈ H n . But this yields a contradiction as, by assumption, H n = {id}. Therefore S is right cancellative.
The finitely presented algebra K[S n (H)]
We begin with some properties of prime ideals.
Let H be a subgroup of Sym n . Recall that z = a 1 a 2 · · · a n ∈ S n (H). In [2] it is proved that if H = (1, 2, . . . , n) and n ≥ 3, then z is a central element of S n (H) and zS n (H) is a minimal prime ideal of S n (H).
We shall see that, for an arbitrary abelian subgroup H of Sym n the behaviour is different. Indeed we show that S n (H)zS n (H) is a prime ideal of S n (H), for n ≥ 3, but it is not minimal in general.
First we shall see that S n (H)zS n (H) is a prime ideal of S n (H) for an arbitrary non-transitive subgroup H of Sym n .
Proof. Let u, v ∈ S n (H) \ S n (H)zS n (H). Since H is not transitive, there exist 1 ≤ i, j ≤ n such that i = σ(1) and j = σ(n), for all σ ∈ H. It is then clear that ua
Recall that a subgroup H of Sym n is semiregular if Proof. Let u, v ∈ S \ SzS.
By Lemma 4.1, we may assume that H is a transitive subgroup of Sym n . Because, by assumption, H is abelian, by [6, Proposition 3.2] we then have that H is semiregular. Therefore n = |{σ(1) | σ ∈ H}| = |H|/|H 1 | = |H|. By the comment before the Lemma 4.1, we may assume that (1, 2, . . . , n) / ∈ H. Let i, j be such that u ∈ Sa i ∪ {1} and v ∈ a j S ∪ {1}. By Lemma 2.2, we have that ua i / ∈ Sz and a j v / ∈ zS. Hence, since n ≥ 3, we have that ua 2 i a 2 j v / ∈ SzS. Therefore SzS is a prime ideal of S and the lemma follows.
where A andÃ are defined in (5) .
As H n−1 = {id} and σ(n − 1) = τ (n − 1), we have that σ = τ . But this contradicts with σ(n) = j = k = τ (n). Therefore there exists 1 ≤ j ≤ n such that j = i and x i x j / ∈ A. Similarly one proves that there exists 1 ≤ j ′ ≤ n such that j ′ = i and Proof. Let Q = ∪ n i=1 Sa i 2 S. Note that z / ∈ Q. However, since H is transitive, we have that za i ∈ Q for all i. Hence zSz ⊆ Q and therefore Q is not prime. Now we shall see another general result on prime ideals of S n (H) for an arbitrary subset H of Sym n . Proof. Let S = S n (H). Let FM n = x 1 , . . . , x n be the free monoid of rank n, and let π : FM n → S be the unique morphism such that π(x i ) = a i for all i = 1, . . . , n. Note that
Thus We have seen in Lemma 4.2 that, for an arbitrary abelian subgroup H of Sym n , S n (H)zS n (H) is a prime ideal of S n (H), for n ≥ 3. The following result shows that it is not minimal in general. 
Proof.
We rely on the fact that z never involves letters to a power ≥ 2.
(i) Let Q = ∪ r j=1 Sa ij mj S. Let w 1 , w 2 ∈ S\Q. We shall see that w 1 Sw 2 ⊆ Q. We may assume that w 1 = 1 and w 2 = 1.
Case(A):
H is not transitive. Thus there exists l, with 1 ≤ l < n, such that l is not in the orbit of n, and there exists l ′ , with 1 < l ′ ≤ n, such that l ′ is not in the orbit of 1. In the event that l = l ′ , let l ′′ , with 1 ≤ l ′′ ≤ n, be such that l ′′ = l = l ′ . If w 1 ∈ S \ Sa l , let w
